Reissner-Mindlin shell Shear locking Cell-based smoothed discrete shear gap technique (CS-DSG3) Smoothed finite element method Strain smoothing technique a b s t r a c t A cell-based smoothed discrete shear gap method (CS-DSG3) for static and free vibration analyses of Reissner-Mindlin shells is formulated by combining the cell-based strain smoothing technique with the discrete shear gap method (DSG3) using three-node triangular elements. In the CS-DSG3, each triangular element will be divided into three sub-triangles, and in each sub-triangle, the stabilized DSG3 is used to compute the strains and to avoid the transverse shear locking. Then the strain smoothing technique on whole of the triangular element is used to smooth the strains on these three sub-triangles. The CS-DSG3 hence not only overcomes the drawback of the DSG3 but also improves the accuracy as well as the stability of the DSG3. The numerical examples demonstrated that the CS-DSG3 is free of shear locking and achieves the high accuracy compared to other existing shell elements.
Introduction
The numerical analysis of shell structures in large-scale industrial problems has always been a challenge and receives continuously strong interest [1] [2] [3] . In the past three decades, the finite element method (FEM) has been used as a powerful numerical tool to simulate behaviors of shell structures [4] . Compared with four-node quadrilateral shell element [5] [6] [7] [8] , three-node triangular shell element [9, 10] is particularly attractive due to its simplicity, automatic meshing and re-meshing in adaptive analysis. However, the derivation of simple and effective three-node triangular shell elements for analysis of general shell structures with complex loading and boundary conditions is still a challenging research topic. This paper hence focuses on developing such a simple and effective three-node triangular shell element.
Based on the theories of formulation [1] , shell elements can be classified into three main groups: (1) degenerated shell elements derived from the three-dimensional (3D) solid theory; (2) curved shell elements based on general shell theory; and (3) flat shell elements formulated by combining a plane elastic membrane element and a plate bending element. Among these three groups, the flat shell elements are rather popular due to simple formulation and low computational cost, and hence the theory of flat shell elements will be chosen to develop the triangular shell element in this paper.
Shell elements can also be classified according to the thin shell elements and thick shell elements [1, 2] . Thin shell elements are based on the Kirchhoff-Love theory in which transverse shear deformations are neglected, while thick shell elements are based on the Reissner-Mindlin theory which includes transverse shear deformations. The thin shell elements are limited only for thin shells and require C1 continuity for the deflection field which makes the formulation become more difficult. While the thick shell elements, or Reissner-Mindlin shell elements, can be used for both thin and thick shells and only require C0 continuity for the deflection and rotation fields which make the formulation become easier. However, three-node triangular Reissner-Mindlin shell elements often suffer from two major drawbacks; (1) the so called "shear locking" phenomena which pollutes the numerical results in the thin limit; and (2) the overly stiff behavior which leads to poor accuracy and low convergence of numerical solutions.
Shear locking is caused by parasitic shear deformation energy which leads to an artificial additional stiffness as the shells becomes progressively thinner. This drawback can be overcome by using some different methods such as reduced integration [11] or assumed natural strains (ANS) [12] . In the methods using reduced integration, different integration rules are used for the bending strain energy and shear strain energy. While in the methods using the ANS, the shear strains are not computed directly from the derivatives of displacements over the element but from additional interpolation based on specific shape functions and the derivatives of displacements at only some discrete points. The shell elements using reduced integration, however, often give low accuracy and exhibit zero energy modes, and hence stabilized techniques [5] are necessary to eliminate these modes. While the elements using ANS often give more satisfied and stable results. As a result, various shell elements have been developed following this trend [13, 14] .
Recently, Bletzinger et al. [15] proposed a three-node triangular shell element DSG3 based on the Discrete Shear Gap method (DSG) which can be classified as an ANS element. In the DSG3, the shear strain is linear interpolated from the shear gaps of displacement along the sides of the elements by using the standard element shape functions. The DSG3 shell element can satisfy explicitly the kinematic equation for the shear strains at discrete points and effectively eliminates the parasitic shear strains. However, the element stiffness matrix in the DSG3 still depends on the sequence of node numbers, and hence the solution of DSG3 is influenced when the sequence of node numbers changes, especially for the coarse and distorted meshes.
The overly stiff behavior is usually observed in many ReissnerMindlin shell elements based on the compatible displacement-based FEM models. The overly stiff behavior is even more severe when three-node triangular shell elements are used. In order to reduce the overly stiffness of the displacement-based FEM models, Liu et al. [16] [17] [18] proposed a cell-based smoothed finite element method (CS-FEM) which is a combination of the standard FEM and a strain smoothing technique [19] used in meshfree methods. In the CS-FEM, the domain discretization is still based on elements as in the FEM; however the stiffness matrices are calculated based over smoothing domains located inside the elements. The CS-FEM, however so far, has been developed only for the 4-node quadrilateral elements [20] [21] [22] [23] [24] [25] and the improvement of accuracy of solutions compared to those of the existing quadrilateral elements is still marginal. This paper hence extends the CS-FEM for triangular elements and for significant improvement of solutions of shell analysis. The cell-based strain smoothing technique in the CS-FEM is combined with the DSG3 [15] using three-node triangular elements to give a so-called the cell-based smoothed discrete shear gap method (CS-DSG3) for static and free vibration analyses of ReissnerMindlin shells. In the CS-DSG3, each triangular element will be divided into three sub-triangles, and in each sub-triangle the stabilized DSG3 [26] is used to compute the strains and to avoid the transverse shear locking. Then the strain smoothing technique on whole the triangular element is used to smooth the strains on these three sub-triangles. The accuracy and reliability of the proposed method is verified by comparing its numerical solutions with those of others available numerical results.
Weakform and general FEM formulation of the Reissner-Mindlin shell
The shell element is subjected to both membrane forces and bending forces and hence the development of flat shell elements should be a combination of a membrane element and a plate bending element. In the following sections, we brief on the weakform and general FEM formulation of Reissner-Mindlin shell elements.
Weak form of the Reissner-Mindlin shell
Consider a shell subjected to both membrane forces and bending forces. The middle (neutral) surface of plate is chosen as the reference plane that occupies a domain Ω∈ℝ 3 as shown in Fig. 1 . Let u, v, w be the displacements of the middle plane in the x, y, z directions, and β x , β y , β z are the rotations of the middle plane around y-axis, x-axis, and z-axis respectively, with the positive directions defined as shown in Fig. 1 .
The unknown vector of six independent field variables at any point in the problem domain of the Reissner-Mindlin shells can be written as
The membrane strain ε m , the curvature of the shell κ and the shear strains γ are defined, respectively, as
The standard Galerkin weakform of the static equilibrium equations for the Reissner-Mindlin shell can now be written as 
where E is Young's modulus; t is the thickness of plate; v is the poisson constant; μ is the shear modulus and k¼ 5/6 is the shear correction factor. For the free vibration analysis of Reissner-Mindlin shells, the standard Galerkin weakform can be derived from the dynamic form of energy principle [1- 
where m is the matrix containing the mass density of the material ρ and thickness t as 
where I 6 is the unit matrix of 6th rank; N n is the total number of nodes of problem domain discretized; N I ðxÞ is the shape function at the Ith node; d I ¼ u I v I w I β xI β yI β zI h i T is the displacement vector of the nodal degrees of freedom of u h associated to the Ith node.
The membrane, bending and shear strains can be then expressed in the matrix forms as 
The discretized system of equations of the Reissner-Mindlin shell using the FEM for static analysis then can be expressed as
where K is the global stiffness matrix given by
and F is the load vector defined as
in which f b is the remaining part of F subjected to prescribed boundary loads.
For free vibration analysis, we have where ω is the natural frequency and M is the global mass matrix defined by
3. Formulation of the three-node triangular flat shell element CS-DSG3
In this section, the three-node triangular flat shell element CS-DSG3 is formulated by combining the cell-based strain smoothing technique [17, 18] with the stabilized discrete shear gap method (DSG3) using three-node triangular elements [15] .
Brief on the DSG3 formulation
The formulation of the stabilized DSG3 [15] is based on the concept "shear gap" of displacement along the sides of the elements. In the DSG3, the shear strain is linear interpolated from the shear gaps of displacement by using the standard element shape functions. As a result, the operator matrix S related to shear part is modified, and its entries are constant and computed from the coordinates of nodes of elements. The DSG3 element is shearlocking-free and has several superior properties as presented in Ref [15] . In this paper, we just brief on the DSG3 formulation which is necessary for the formulation of the CS-DSG3.
Using a mesh of triangular elements, the approximation element Ω e shown in Fig. 2 can be written as
where d eI ¼ ½ u I v I w I β xI β yI β zI T are the nodal degrees of freedom of u h e associated to the Ith node and N I ðxÞ are linear shape functions in a natural coordinate defined by
The membrane strain and curvatures of the deflection in the element are then obtained by
where Fig. 3 ,
3, are coordinates of three nodes in the local coordinate system, respectively and A e is the area of the triangular element. As reported in literatures on Reissner-Mindlin elements, the shear locking often occurs when the thickness of shell becomes small, where the pure bending dominates the shell deformation. This is because the parasitic transverse shear strains are not eliminated under pure bending conditions. In order to overcome this conflict, Bletzinger et al. [15] proposed the discrete shear gap method (DSG3) to alter the shear strain field. The altered shear strains are in the form of
where
Substituting matrices R, B, and S in Eqs. (19), (20) and (23), respectively, into Eq. (13), the global stiffness matrix now becomes
where K DSG3 e is the element stiffness matrix of the DSG3 element and is given by
in which k e is the element stiffness matrix computed in the local coordinate systemxŷẑ, and T is the transformation matrix of coordinates from the global coordinate system xyz to the local coordinate systemxŷẑ as shown in Fig. 4 . It was suggested [26] that a stabilization term needs to be added to the original DSG3 element to further improve the accuracy of approximate solutions and to stabilize shear force oscillations. Such a modification is achieved by simply replacing D
in which h e is the longest length of the edges of the element and α is a positive constant [27] . From Eqs. (19) , (20), (23) and (28), it is clear that the values of element stiffness matrix at the drilling degree of freedom β z equal zero which can cause the singularity in the global stiffness matrix when all the elements meeting at a node are coplanar. To deal with this issue, the null values of the stiffness corresponding to the drilling degree of freedom are then replaced by approximate values. This approximate value is taken to be equal to 10 −3 times the maximum diagonal value in the element stiffness matrix [25] . Also from Eqs. (19) , (20), (23) and (28), it is seen that the element stiffness matrix in the DSG3 depends on the sequence of node numbers of elements, and hence the solution of DSG3 is influenced when the sequence of node numbers of elements changes, especially for the coarse and distorted meshes. The CS-DSG3 is hence proposed to overcome this drawback and also to improve the accuracy as well as the stability of the DSG3. 
Formulation of the flat shell element CS-DSG3
In the CS-DSG3, each triangular element is divided into three sub-triangles by connecting the central point of the element to three field nodes, and the displacement vector at the central point is assumed to be the simple average of three displacement vectors of three field nodes. In each sub-triangles, the stabilized DSG3 is used to compute the strains and also to avoid the transverse shear locking. Then the strain smoothing technique on whole of the triangular element is used to smooth the strains on these three sub-triangles. The formulation of CS-DSG3 is presented in detail as follows:
Consider a typical triangular element Ω e as shown in Fig. 5 . We first divide the element into 3 sub-triangles Δ 1 , Δ 2 and Δ 3 such as Ω e ¼ ∪ In the CS-DSG3, we assume that the displacement vector d eO at the central point O is the simple average of three displacement vectors d e1 , d e2 and d e3 of three field nodes
On the first sub-triangle Δ 1 (triangle O-1-2), we now construct the linear approximation u
where d e are, respectively, computed similarly as the matrices R, B and S of the DSG3 by Eqs. (19) , (20) and (23), but with two following changes: (1) the coordinates of three node 
Similarly, by using the cyclic permutation, we easily obtain the membrane strain ε 
where Φ e ðxÞ is a given smoothing function that satisfies at least unity property R Ωe Φ e ðxÞdΩ ¼ 
whereR e ,Β e andS e are, respectively, the smoothed membrane gradient matrix, smoothed bending gradient matrix and smoothed shear strain gradient matrix given bỹ
Therefore the global stiffness matrix of the CS-DSG3 are assembled bỹ whereK e is the smoothed element stiffness given bỹ
in whichk e is the smoothed element stiffness matrix computed in the local coordinate system. From Eqs. (43) and (45), it is seen that the element stiffness matrix in the CS-DSG3 does not depend on the sequence of node numbers, and hence the solution of CS-DSG3 is always stable when the sequence of node numbers changes. Also note that the rank of the CS-DSG3 element is similar to that of the DSG3 element and hence the kinematic stability of the CS-DSG3 element is ensured. Only six eigenvalues are always zero (corresponding to the rigid body modes of the element) for various element shapes of very thin and thick shells, and the CS-DSG3 element has no spurious zero-energy modes as shown in various numerical examples in Section 4.
Numerical results
In this section, various numerical examples are performed to show the accuracy and stability of the proposed CS-DSG3 compared to the analysis solutions. The stabilized parameter α in Eq. (29) in the CS-DSG3 is fixed at 0.1 for both static analysis and free vibration analysis. For comparison, several others flat shell elements such as DSG3 [15] , DKT [28] , MIN3 [29] and MITC4 [13, 30] have also been implemented in our package. The membrane element used here in others triangular flat shell elements is the constant strain triangular element (CST), and hence three triangular flat shell elements used for comparion are abbreviated as DSG3-CST, DKT-CST and MIN3-CST, respectively. We now consider a pinched cylindrical shell supported at each end by rigid diaphragm and subjected to a point load P ¼1 at the center of the cylindrical surface as shown in Fig. 6 . The geometric dimensions of the pinched cylinder are given by the length L ¼600, the radius R ¼300 and the thickness t¼ 3. The material properties are given by Poisson's ratio Ω e and Young's modulus E ¼3 Â 10 6 .
Due to its symmetry, only one eighth of the cylinder is modeled. Six uniform discretizations N Â N of shell with N ¼ 8, 12, 16, 20, 24 and 28 are used and two discretizations 16 Â 16 using triangular and quadrilateral elements are plotted in Fig. 7 . Fig. 8 shows the convergence of the central deflection at point A obtained using structured meshes and different methods.
The reference solution obtained from [31] 
. It is seen that with the same degree of freedoms (DOFs), the results of the CS-DSG3 are better than those of almost methods and only worse than those of the DKT-CST in some coarse meshes. Also note that, the CS-DSG3 shows the best accuracy for the fine meshes. Fig. 9 shows the convergence of the strain energy obtained using structured meshes and different methods. The results again confirm the comments obtained for the central deflection at point A shown in Fig. 8. 
Cylindrical shell under uniform load-Scordelis-Lo roof
We now consider a cylindrical shell roof known as the ScordelisLo roof in which two curved edges are supported by rigid diaphragms (u¼w¼0), and the other two edges are free as shown in Fig. 10 . The Scordelis-Lo roof is subjected to the self-weight q¼90 per unit area in the z-direction and has the geometric dimensions given by the length L¼50, the radius R¼25 and the thickness t¼0.25. The material properties are given by Poisson's ratio v¼0.0 and Young's modulus E¼ 4.32 Â 10 8 . This example was first modeled by Scordelis and Lo [32] who gave the mid-side vertical displacement at point A is 0.3086. However, many finite elements converge to a slightly smaller value, and hence Macneal and Harder [33] suggested to use the value of 0.3024 for testing. Due to its symmetry, only a quarter of the cylinder shell is modeled. Five uniform discretizations N Â N of shell with N¼4, 8, 10, 12 and 16 are used and two discretizations 16 Â 16 using triangular and quadrilateral elements are plotted in Fig. 11 . Fig. 12 shows the convergence of the mid-side vertical displacement at point A obtained using structured meshes and different methods. It is seen that with the same degree of freedoms (DOFs), the results of the CS-DSG3 are better than those of almost methods and only worse than those of the MITC4 in some coarse meshes. Also note that, the CS-DSG3 shows the fastest convergence to the reference solution for the fine meshes. Fig. 13 shows the convergence of the strain energy obtained using structured meshes and different methods. The results again confirm the comments obtained the mid-side vertical displacement at point A shown in Fig. 12 .
Partly clamped hyperbolic paraboloid
We now consider a hyperbolic paraboloid shell structure with the geometric equation z ¼ Fig. 15 . Fig. 16 shows the convergence of the vertical displacement at point B (x¼ L/2, y¼0) obtained using structured meshes and different methods. It is seen that the CS-DSG3 shows remarkably excellent performance compared to the other methods. Fig. 17 shows the convergence of the strain energy obtained using structured meshes and different methods. The results again confirm the comments obtained the vertical displacement at point B (x ¼L/2, y¼ 0) shown in Fig. 16 . 
Hemispherical shell
We now consider a hemispherical shell with an 181 hole subjected to two point loads F¼1 N antisymmetrically as shown in Fig. 18 . This benchmark problem aims to test the ability of an element to handle rigid body rotations about normals to the shell surface. The geometric dimensions are given by the radius R¼ 10 m and the thickness t ¼0.04 m. The material properties are given by Poisson's ratio v ¼0.3 and Young's modulus E ¼6.825 Â 10 7 N/m 2 . The reference values [33] for the radial deflection coincident at point load is 0.0924 m. Five uniform discretizations N Â N of shell with N ¼4, 8, 10, 12 and 16 are used and two discretizations 12 Â 12 using triangular and quadrilateral elements are plotted in Fig. 19 . Fig. 20 shows the convergence of the radial deflection coincident at point load obtained using structured meshes and different methods. It is seen that the CS-DSG3 shows excellent performance compared to the other methods.
Free vibration analysis
In this section, we will examine the accuracy of the CS-DSG3 element in solving for natural frequencies of various shell structures. The shell may have different boundary conditions such as free (F), simply (S) supported or clamped (C) edges.
A cylindrical shell with clamped-free ends (CFFF)
We now analyze the natural frequencies of a cylindrical shell with clamped at one edge and free at the other as shown in Fig. 21 . The geometric and material properties are given by length to radius ratios L/R¼ 10, radius to thickness ratios R/t¼100, elastic modulus E ¼2.1 Â 10 11 N/m 2 , Poisson ratio ν¼ 0.3 and mass density ρ¼7800 kg/m 3 . Four uniform discretizations N Â N of shell with N ¼8, 12, 16 and 20 are used and two discretizations 12 Â 12 using triangular and quadrilateral elements are plotted in Fig. 22 .
The natural frequency parameters λ ¼ 100ωR ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ρð1−ν 2 Þ=E p is used to illustrate the numerical results. Table 1 shows eight lowest modes by the CS-DSG3 and various methods. The results are also compared with the analytical solution by Leissa [35] and numerical results of the RSQ20 and RSQ24 quadrilateral elements [8] . It is observed that the results of CS-DSG3 converge well to the reference solution by Leissa [35] and reference numeral results of RSQ20 and RSQ24 [8] . It is also seen that the CS-DSG3 is better than the DSG3-CST, MIN3-CST, DKT-CST and a good competitor to the MITC4. Fig. 23 plots the shape of eight lowest eigenmodes of the cylindrical shell with mesh 16 Â 16 by the CS-DSG3.
Hemispherical panel CCFF
Let us now consider a hemispherical panel as shown in Fig. 24 with radius R¼1 m, thickness t¼0.1 m, φ 0 ¼301, φ 1 ¼901, ψ ¼1201. Table 2 Convergence of eight lowest frequencies of the hemispherical panel CCFF.
Meshing
Method Mode The material parameters are given by Young's modulus E ¼2.1 Â 10 11 Pa, Poisson's ratio ν ¼0.3, mass density ρ¼7800 kg/m 3 . Four uniform discretizations N Â N of shell with N ¼8, 12, 16 and 20 are used and two discretizations 12 Â 12 using triangular and quadrilateral elements are plotted in Fig. 25 .
Eight lowest modes by the CS-DSG3 and various methods are shown in Table 2 and plotted in Fig. 26 with mesh 12 Â 12. The results are also compared with the numerical solutions of the Generalized Differential Quadrature (GDQ) method [36] and the reference results derived from commercial software packages such as Abaqus, Ansys, Nastran, Straus found in Ref [36] . It is again observed that the results of CS-DSG3 converge well to the reference solutions of the GDQ [36] and of commercial software packages such as Abaqus, Ansys, Nastran, Straus [36] . It is also seen that the CS-DSG3 is better than the DSG3-CST, MIN3-CST, DKT-CST and a good competitor to the MITC4. Fig. 27 plots the shape of six lowest eigenmodes of the hemispherical panel with mesh 16 Â 16 by the CS-DSG3.
Conclusions
A cell-based smoothed discrete shear gap method (CS-DSG3) for static and free vibration analyses of Reissner-Mindlin shells is formulated by combining the cell-based strain smoothing technique with the discrete shear gap method (DSG3) using three-node triangular elements. In the CS-DSG3, each triangular element will be divided into three sub-triangles, and in each sub-triangle, the stabilized DSG3 is used to compute the strains and to avoid the transverse shear locking. Then the strain smoothing technique on whole of the triangular element is used to smooth the strains on these three sub-triangles. The CS-DSG3 hence not only overcomes the drawback of the DSG3 which depends on the sequence of node numbers of elements, but also improves the accuracy as well as the stability of the DSG3. The numerical examples demonstrated that the CS-DSG3 is free of shear locking and achieves the high accuracy compared to others existing flat shell elements. 
